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ABSTRACT 


The main result of this caver is the following: ach mode, in 
cylindrical guide (or ewrity) 4s approached by m mode in a coaxial guide 
(or cavity) os the radius of the inner coaxial conductor approaches zeroy 
ana conversely, enh coaxial mode except the TAM mode avproaches a 
eylindrical mode. The result follows readily from a theorem established 
in thie paper on the behavior of the roots of certain equations involving 
Seeeeal functions, Sriefly this theorem states that the a positive 


root of the aquation 
T(x) Bgl p x) = 5,( px) Bylx) = 0 (1) 


approaches the wth positive root of J,(x) = 0 as e » the ratio of the radii 
of the tuo coaxial conductors, avprosaches gero, The theorem establishes the 


game relationship between the roote of 
Juix) BSC px) - IC ex) w(x) = 0 . fa) 


and those of Thx) = 0, Some graphs are included which give actual values 
of the roote of equations (1) and (2) for varying e - These represent 
extensions of existing tables and should save labor in commuting quantities 
associated with coaxial guides and cevitles. 

The importance of the theorem established here is twofold, It 
gives cunliteative information oa the behevior of coaxial guide and cavity 
modes. For example, 1% indicates that the inner conductor of «a coaxial 
guide (or cavity) plays an unimportant part when its radius is small. 
Secondly, the calenletion of cut-off frequencies for coaxial guides, 


resonant frecuencies for conxial cavities, wave length in a conxial enide 
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er cavity, dimensions, ete, may be antroximeted when the inner con~ 
dactor is small, by the much simpler computation for the corresponding 
mode in a cylindrical structure. fhe theorem aleo haa bearing on the 
question of standardisation of notation for coaxial and cylindrical 


structures. 
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The Selationship between Coaxial end Cylindrical Wave Guide and 
Cavity odes” 


Le Introfuction. %evern!) conclusions about cosxial modes end their relation- 
ehip to cylindrical modes have heretofore been based woon very limited 
physical evidence. In the first olece the very exietence of modes in 


eoexial structures depends upon the existence of roots of equntions 


0, i) 


Jy (x) By (p x) ~ J,(p x) Hy(x) 
and 


o» (2) 


Stix) Bat px) = JC px) BA(x) 


for all values of ps the ratio of the radii of the conductors, between 
O and 1, Bo mathemetionl proof of the existence of much roots has appeared 
before this time, 

Moreover, while engineers have no doubt surmised, and perhavs om- 
ployed, the fact thet each coaxial guide and cavity mode areroschee a 
wanioquely corresponding cylindrical mode as the redius of the inner con- 
ductor avprosches sero, no proof seems to heve been given of thie fact, 
mor, indeed hoes any clear statement been made ag te what is waeant by one 
mode averosching snother, 

This aeper will be concerned with the mathem-tieal proof of the 

existence of cosxial modes for small values of C+ end with the rolsationship 

of these coaxial modes to those which exist in a oylindries] structure, 
that is, « coaxial structure in which P = 6. The conclusions rest essentially 


upon a theorem involving the roots of equations (1) and (2) for small ps 


*In order to avoid the lengthy and awkward terms “elreulerly cylindrical 
coaxial and “eirevlarly cylindrical”, we shall designate these shapes 
simply “eoaxial® and “eylindrical®, 
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This theorem further establishes that such quantities as eut-off frequencies, 
dimensions, and guide wave lengths for coaxial modes vith small o are orace 


tically those for sireular modes. 


2, The Yield Expressions for Gylindries! and Coexial Medes. Vor reference 
in this paper, and eleewhere, the field expreesions fer euides and cavities 
of circular cosxial shape, and those of elreular ecylindries1 shape are given 
here. 

The explicit field expressions for cylindrical guides are derived 
in Stratton, J, A.i Zlectromagnetic Theory. pp. 524-5 and in Sarbacher, M.A. 
ineering, pp. 2us & 


& “illiam A. Hdson: Hyper and VLlira-Hich fre 


258. The field expressions for cireuler cylindrical cavities sre 4erived 


in Boranis, F.: Zlectromeenetic Waves in Dieleetric Spaces, Annalen Der 


Physik, Yol. 35, pp. 359~38%, Berlin, 1939. 

Sy using the method in Stratton one cbtains the expressions for 
coaxial euides, end, by Bormmis' method, those for the coaxial cavity are 
odteined. It is aleo possible to obtain expressions for the cevrity fields 
vy combining guide fields so as te satisfy the changed conditions in the 
cavity. | 

The following field expressions presupvose perfect conductors for 
the walls end a perfact dielertric (7 =) inside. Further, it ts under- 
stood that the real part of each exoression is wanted, the uss of eJ% = 
cos 2 + j sin 2, instead of cos z, being merely « convenience. In the 
case of the field expressions for cavities 1t is further understood that 
the field at any point varies sinusoidally (with e chase determined by 
the field when t = 0), Hance each component should be mitiplied by 
Pe with the understending again that only the real part of ed? is 
wanted, 
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In the field expressions the symbols have the following meanings. 
In the first pleee, eylinérics1 soordinates are used, 


in this system of coordinates each point in space is 


reprecented by the three quantities x, Ty f P 
pletured herewith, vhere g lies in a plane ver- 
pendicular to x - direction and is mesgured fron 
some arbitrary fixed Line in that plene. ‘The field 
expressions for guides presuppose that the axis of 
the cylindrical coordinate system lies slong the axis of the guide, the 

sere point on the axis being any desired point or one which meets some 

given initisl condition. The field expressions for cavities presuproese, 

in addition, that the ecro point on the x-axis lies in the Plene of one end 
wall of the cavity, 

In this cylindrical coordinate system the field vector E is resolved 
into the components Ey,» B,, and Sy Fe ky and E. are along the x~ and re 
directions respectively. ag at eny point is verpandicalsar to a and 3. 
at that point. ‘the same applies te the vector 5. 

The special letters used have the tollowing meanings: 


4 = An amplitude constant whose value depends upon the energy 
put into the guide or cavity. 


J,= n order Sessel function of the first kind, 


a, a *t a # 8 “second * , 
Jie Derivative of 4, with respect to the argument. 
His « " iy 8 n # * mi ie 
@ = Radius of the inner coaxial conductor, 


b= # * " outer * " (or of the cirenler evlinder) 
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n,m, A = Any positive integers (0 is alae a permissible value 
for nm end in the case of tranaverge magnetic modes 


for f{ also.) 

2% 7a 

W) = 27 times the frequency of radiation employed. 
Sy are inductive capacities of the medivm. 
‘~« = nth positive root of Ji) = 0 
‘i. ** " a * Ji(x) 20 
5 * " * *  *® equation (1) 
Hg HF * 8 " (2) 


ne yes 
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S4eld @epreceions for the TEN Coaxial Guide Hode 
a, = 0 
B, = 0 
- «8 
r 
jlut- 6x) 
- 4, 
iy pment (- 8 6 
27°F A 
#, = 0 
= aT where » ie the free scace wave length in the dielectric of the 
p A guide. 
Field Exoressicns for the TEx Com=ial Cavity Nodes ‘ 
Hq, = 0 
B, = 0 


Bp= = cos fx Sas 26 7, Maat 
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As the field expressions suggest exch guide mode, Transverse 
Magnetic ot Transverss Electric, may be designated by two indices, the 
first referring to the order of the Bsesel functions involwed in its 
expressions and the second to the orcer of the root of the aporopriate 
Beesel function ecuation. Solutionsof equation(lWof article 1 corres- 
pond to Treneverse Magnetic modes end are denoted by Tam’ while sola- 
tions of equation (2) correspond to Transverse Electric modes and are 
deneted by Tan’ in the cass of cavity modes the first two indices 
have the same meaning and the third is the value given to ik in the 
field expressions. In accordence with these conventions, the indices 
assigned te a mode deyend entirely upom the mathemationl expressions 
for the field and not at sll on any physical meanings which may, in 


addition, be attached to them. 


the Roots of the Tranacendental Zoustion. It is seen from the field 


Be 


expressions that the quantities r, ., S84 Thm, Gym) and 84.» ate in 


volved essentially in the mathematical representation of guide and cavity 


modes. Moreaver, since r 


‘ile and Thon depend upon the ratio of the radii 


of the coaxinl guides end cavities, we mist know how these r'a vary if 
we are to study the variation of the field expreesions with the radif. 
The valuee of Ton for consecutive Lntegral velwee of = are the 
consecutive values of x satisfying equation (1), while the values of 
mh are the values of x satisfying ecuation (2). Such roots, if they 
exist, of course depend upon the valine of P. Bow the existence of a 
coaxial mode, for various values of (, depends upon the existence of « 
solution x = x( pds of equation (1) for (2)]. While &t ts legieslly 


possible for x to very quite irregularly as P varices, the only variation 
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which would be of physical interest or Mkely to ocenr on physical grounds* 
ig a continuous veriation of x with ? such thet x approaches some definite, 
non-sero limit as p approaches ©, [ene limit of x cannot be © decause the 
field expressions for coaxial guides show that in that case the amplitude 

of the field components would have to become infinite as p approashes zero. 
(The limit cannot be infinite either, for in that event, the field expressions 
‘tor coaxial cavities show that the field components would become infini te.| 
Considering, then, only such roots of equations (1) and (2) as vary con- 
tinuously with ? and approach finite, non-zero limits as P tends to zero, 
we state (1) thas Shey exist, and (2) that the limits approached are the 

end J§@s 0. 
roots ef 56x) = 0./ This is made precise by the following theorem, vroof 


of which is given in the appendix: 


th 


Theorem: The m” positive root (in order of magnitude) of 


Jqix) Hal px) - J, (px) Wy(x) = 0 (1) 


exists for ailp eufficiently smell and epproaches the 2% 


gositive root 
of dfx) = 0 oop appronches ©. The same statement relates the roots of 


Ti(x) Bale x)= J} (px) Hi(x) = 0 (2) 


and those of Th(x)e0. 


4, The Relationship between Comxial and Cylindriesl Modes. The proof 
that each coaxisl mode (except the T2i or prineipal mode) avprosches a 


corresponding cylindrical mode, and that each cylindrical mode is 
approached by a coaxiel one, will now be made by appealing directly 


to the field expressions. ‘hw sense in which thie epproach is te be 


* Graphical analysie of equations (1) and (2) also confirms this point. 
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taken is aa follows. Gonsider any point in a coaxiel guide that is, 

fix x, r, snd f. Them as the radius of the inner conductor tends to 

O, sach field component, a, » So » etc., at that point approaches the 

corresponding field component of the cylindrical mode with the seme indices. 
Consider as on illustration the expression for B, in » transverse 


magnetic mode of a coaxial guide: 


B, tA cos nh | Jp(r *n,) _ gi,(r ia) | e S(wt= Aa a® 
b b 


a, 2 yw) 
hee be e 


‘a a& 
uA > Tn, im) 


Fy, it will be remezbered, ie the m®® oot of 
. * 


T(x) Byl Px) - dC 0x) B(x) = 0, 
where P = 4 and, of course, varies with (. 


it has been proved that Tae exists for small ‘ad and that, as P approaches 


zero, F approsches the hee 


is 28 root of J ix) = 0, Hence, by reference to 


the expression for 1, we see that as <. tends to 0 the argament in the 
mamerator tends to 0. licreover, Jain) approaches 0 ag x tends te O for 
n 2 1; while J) approaches 1 ae x tends to 0. Hence the mumerator in 
the expression for(Q aporoaches 09 or 1. The srmument in the denominetor 
likewise approaches ©, and I,(x) tends to 6° as x tends to 9. Hence, 

, r ) : fn, a PEED 
O. tends to ©. Horeover, Canes hm) and 3 (r rp renain 2eerte ag 
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a waries while ris fixed. It should be noted that Puce varies with 
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= vecause Tan does. Zowever, Ta,m for a coaxial guide approaches 
Sym of the cylindrics] guide by the theorem in the preceding section. 
The behavior of T., . is pertinent elso where it appears explicitiy in 
the field expressions or as part of the argument of seme function. 
Renee, the field expression for KH, becomes precisely the expression 
for BS, in the cylindrical guide mode designated by the same n and m 
values. 
The argument of the preceding paragraph asplies without ex- 
ception to each Zisld component of each guide end cavity mode, trans- 
verse electric as well as transverse sagnetic, for the theorem on 
the behavior of — applies to Tn also, 
The converse conclusion that to esch cylindrical mode there 
corresponds 4 coaxie) mode which apyreaches the cylindrical one follows 
from the fact thai to each s, |, (or Sia) there ie an ry , (or Tn) 
which then deteraines some coaxial mode, Then, as above, the field 
expressions of that coaxial mode mist approach those of the cylindricel mode. 
The conclusion reached in this article is somewhat contrary to intui- 
tion. If the coaxial conductors heve perBect conductivity no mode can exist 
in which the slectric field hae «a component parallel to the inner (or outer) 
AT THE ConpocToR 
conductor This state of affaires must held no matter how thin the inner 
conductor is. Nevertheless s§oaie coaxial modss approsch eireuler modes 
which do possess « longitudinal component of the electric fieldalowq THE Axis. 
Thie surprising fact may be mate more acceptable to the intuition 


if one netes the «xpression for 2. above. for ra, Ry is of course 0, 


as the boundary condition requires. However, for r not equal to a, the 
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term 3, subtracts from J,, to determine 3. But for = near © the value of 


Ais very email since ¥, (= r, _) tends to as < approaches O. Henee if 


n,& 


ris kept fixed and 2 is allowed to azvresch 0, the term XH (r Tam) subtracts 


lese and less from J for a, and a chencé little while Xapproaches © very 


= 
b es 
this discussion lwplies that at any fixed oosition in a coaxial guide 


rapidly with 


the thinner the inner conductor the less significant is ite effect at that 
fixed position. Hence, the electric fielé at that position may well tend 
to cave a lerger and lerger longitudinal component as 4 appresches 0. This 
argument may be applied at amy fixed point in the guide as near to the inner 
conductor as one pleases. Hence, one sees how a longitadinel compenent of E 
may well establish itself as the racine of the inner conductor approaches sero. 
One may atate the fact of the previous paragresh in a somewhat more 
intuitive form, namely, that the iseertion of an inner conductor in a cylindri- 
eal gaide (or cavity) has very little effect on the field except in its own 
imnediete neighborhood. 
From the theorem strted in article 3 on the behavior of the roots 


4 


n,m and * m ¥° heave just drawn the useful conclusion that the field in a 
* 


conzial gaide (or cavity) with a thin inner conductor is almost the field 
in a cylin¢rical guide (or cavity). The theorem is useful also in giving 
us inforeation on cut-off frequencies, wave length in the guide, dimensions, 
and propagation constants. For sxasple, the cuteoff frequencies for the 
TH, and 2 modet in a coaxisl sulde are given, respectively, by 
0% n,t = Y 1 
fe= Cin Owrgind’ fe seis, waleg (1) 
AT b o TI b 

where ¢ is the velocity of light in the dielectric of the guide,bis the 


Padius of the outer conductor, and Poym and Tam are the roots diseassed in 


article % Yor cylindrical guides the eut-off frequencies are given by 


GC aeeaea and frig = 
ATM b amb 
where bis the radis of the cylinder. 
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Since _ a appreaches tii and ti apore aches on as the radius 

of the inner coaxial conductor approaches sero, we see that the eut-off 

frequency of & cosxiul guide mode approaches the cut-off frequency of the 

associ»ted cylinérical mode as the inner conductor shrinks in diameter. 

Of course these formulas may be used to determine the critical dimensions 

in terme of a given frequency, and again the limiting relationship applies. 
The expressions for the cut-off wave-lengths and propagation con- 

stants im a coaxial guide and the expressions for the resonant fremensics 

in coaris] cavities likewise depend apon ry , and rhim, and these expressions 

approach the corresponding expressions for cylindrical euides and cavities 


_— ' ' ' 
because, as above, Fn PProaches t,o and Thm “PPFoaches ¢ 


n, n,m ° 


5. Graphical Reoresontation of r and Th me 
nyo ‘ 


The theorem of article 3 establishes many useful conclusions bat 
doss not in itself give any vrecice quantitative information for the cal- 
eulstion of such quantities as dimensions or frequencies required in guide 
ami cavity work, Since the aaleulation of r and vr! for any given 

RD n,m 

velue of C is quite laborious and very few of these values have been 
recorded* it was decided to make some qgurtitative record of the behavior 
of yr anc r! in terms of (, for at least the lowest modes. ‘The craphs 
which are attached show these relationships for n = 0,1,2,3 and m=1,2, 
It should be noted thet the gravhs showing the relationshi¢ between 
aM a and @ mre the same ag those showing the reletionchin between ", on 

, . 
and C * 

*A few Pr, . Values may be found in Jahnke-imde: Tables of Functions, 

’ 
cp. 204-6. A few gravhs have also appeared in the literature tut 


only for ssectfic, limited purposss. 
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Sy using theses graphs and the appropriate formulas one may cbteain 
fairly accurately the dimensions or resonant frequencics which one would 
have to employ for a given coaxial structure. However, to compute dimen- 
#icns to the nesrest thousandth of an inch, for exemple, the dats sust 
be refined, the gravhe submitted here should be used as pointe of depart- 
ure for furthe calowlation if very precise numerics] valuss are wanted. 

For higher modes, lack of sufflelently extensive Seage) function tables 
éoes not permit even fsirly geod caleulations at present. 

For large oe and oe values there are asysmtotic expressions 
develoved by Hc¥ahon*, Our attemots to improve these expressions #0 that 
they might be usable for email r and r' heve thus far been unsuccessful. 
Such improved expressions would be desirable for they would permit substitution 
of the value of ( and a fairly quick calculation of r or r'. Moreover, 
their importance extends beyond the application tc guide ani cavity theory, 
for these roots are useful in acourtieal and hydrodynamca| problems algo. 

One inacidentel point conneeted with carrying out the celolation 
of the grachs may be worth noting. Since Beesel function tebles are not 
very extensive the following device can be used, Equation (2) of article 3 


can be written thus; 


vf qt Jt (Cex) 
an te x) 
Let a, and #4 1 be two s:ecessive roots of T(x) = @ “YWhen C= : 
8. 


and x = 6, 4+ equation (2) ie satisfied. Hence, for thie value of C, 


nema 


ae 


ne oe et a ene 


* Holahon, J.: "On the “oote of the Beese! ond Certain Related Functions", 
Annals of Mathemsties, Vol. 9, 1894-95, rp. 25-30, 
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ae is a root of (2) as well as of IA(x). By letting p take on the 
values 1, 2, os... the calculation of the second reot** of equation (2) 
for sepy € values falls back on a imowledxe of the roots of J! (x) itself. 


By using the ratio *o and letting »5 take om the values of 1,2,3,.... 


i onieatienineneatieaiiiaell 


%+2 
we obtain the third root of (1) in terme of C3 Bte, 


The procesa used ebove has the following possible physical 


apoliention. Sor the particular p values *e » Say, used above, 
a 
el 


the corresponding second roots of equation (1) are also roote of 5x). 
Hence for these ¢ values the coaxial structure has the eane frequency (eut-off 
or réBonent), propagation constant, and internal wave length, though not the 
game fiaid expressions, ag some eylindrical mode in a cylinder whose radius 
ie the outer radius of the coe*icl pair. One may therefore convert « 
eylindrical guide (or cav ity) into a coaxial one hving the same cut-off 
frequency (or resonant frequency), internal wave length, propagation con- 
stant, ete., by choosing the ratio of the radii of the coaxial conductors 
properly. 

4& vather significant conclusion, not readily predictable theoretically, 
is evident trom these graphs in coajunetion with fommla (1) of article 


In the case of coarial m 
[te y Medes the cut-off frequencies decrease as = increases. That is, 
* 


b 
lower wave-lengths say be accoumodated. However, for the conmrial trane~ 
verse sagnetic modes se well as the other transverse eleerric modes, increas=- 
ing = inereases the out-of? frequency to infinity. The same remark avcclies 


to the rasonant frequenciss of cavities. 


A AS NR en a rs nam 


**The fact that it is the second root follows from graphical considerations. 
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6. Further Significumes of the Relotion between Gylindrical and Coaxial Modes. 


The theorem establishing that esch conxiel mode approeches a eylindrical 
mode as the radius of the inner conductor approaches gero makes the comrention 
for designating the modes that vas adopted in article 2 of this report, seem 
quite reagonavle. Somxial and cylindrical modee which sre aseociated by the 
theorem are designated by the same indices. That is the Ry 2,1 eoexial 


eavity mode, for exanple, aprresches. the TZ 
; ; 3.2.1 oylindrical cavity mode 


se the radius of the immer cosxiel conductor approaches sero. This point 
of view has also been urged by “r. ¥. H. Huggins of the Watson Lavtoratories! 
Cambridge Field Station, who has ge further to show how the indices so 


chosen may be interpreted physically for coexial and circular guides and 


cavities. Mr. Susecine' suggestions replece incorrect ones wade by Barrow 
end Mieher in 1°h0* and since then incorporated in texts, ** 


od 


* Bervrow, Wein, ond YK. Wieher: "Natural Cecillations of Slectrdiec) 
Cavity Resonators,* Proc. 1.4.%.,¥ol. 28, 1946, p. 18%. 


** Searbacner, #.1., and ¥.4. Edson Hyver and Vitrahigh Frequency 
Engineering, De 387 
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*e have to prove the following theorem, stated in articles 4; 


th poeitive rect of 


Theeres. The 
J (x) Bytp x) - Ini p*) W(x) = 0 (1) 
exists for all P sufficiently sell, and approaches the mth positive root af 


J, () = 0 as Pp Spprosches ©, the same statement relates the roots of 


Fyi=) By (px) ~ JaC px) BAix) = 0 (7) 
and those of J§(x) = 0, 
Eroof. The proof will be divided into tro parts. First, to each root 
Spie of J,(x) = 0 thers will be shown to be one and only one continuous 
function x(e) whien is » solution of equation (1) and such that, as e 
approaches 0, x approsches 9, ,. ‘The same will them be shown for J'(x) and 


equation (2). Of course these x( e? are the r | and rh, which vary with. 


We then show that to each root of equation (1) \9F (?)/, im the 

sense exvleined in article 3 there exists one and only one roat of J,(x) = 0 
\pr Ji(x) = 0]. Since the roote of J,(x) = 0 end of Jilx) = O\may be 

ordered with respect to magnitude, ami these are in one-to-one correspondence 
with the roots of equations (1) lee (2) | » ¥@ may soy that the mth root of 
J,(x) = 0 is related by the theorem to the meh reot of equation (1), and 

the m®® root of Ji(x) 50 is related in the same way to the m*” root of 
eeustion (2). 

The first part of the theorem depends unon an implicit function 
theorem which etates that if F(x,y) ts a continuous function of x and y in 
the neichborhoed of a point (x, 6¥5), if FM x56¥o) = O and if Fy (x9 +%q) is 
continuous and different from gero at (x5,¥o9), then there exists a unique 
function ¥ ={ (x) defined and contimucas in « nelahborhood of X_ end such 
thet F L* f x) = 0 in thet neighborhood, * 

*A proof of this theores say be foind in Courant, A.: Differential and 
integral Galeulus, Vol. Ii, ps. 119-121. 
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Ye shell apely this theorem to astablish the exietence of a root of 
equation (1) above whieh approaches a given root of J,(x) = 0. The point 
(Xg.%9) of the implicit function theorem will be fp * 0 and x = 6, , where 
n,m is the mb positive root of J,(x) = 0 in order of msgnitude, We 
shall, however, apply the theorem to a neighborhood of (0,8,,_) which ex- 
tends from 0 only on the positive aide of O,n8 far as p values are concerned, 
This use of the implicit function theorem is quite common in adwenced analysis. 


®or convenient reference we write the explicit expression for a fe)s 


i~ ~m + 2m 
H(2) 0 = a Ase : (8) 


os 
TS z\ nt2n 
Se =1)" 5) 2 og 2-7} (ad) = Ylaemed) 
m0 mf m! (n+) i du 


a=) ao 3 il 


In these exoressions W (m +1) and 2) (mm+l) are independent of 2, and 


2a 
GF 1 2 
' a 


is just a constant. 

ft will be noticed that at ZR 0.8,(s) has a discontinuity arising 
from two kinds of terms, those involving negetive powere of 2 up to 7" and 
these having log 2 ss a multiplier. This singularity interferes with the 
application of the implicit function theorem. This difficulty can be 
evoided by the ineertion of a factor which has no effect on the conclusion. 


Hence, we consider the follewine expression: 


n Bs = 
& J tx) #60 x) baal af =) s,(2) | by ad 5, Ley Jecce (%) 
The cese of n=0 will be considered separately. This new expression is defined 


as follovs for p>. The factor ep" ig to be ageocicted with BAC 0x) and wx), 
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ami the value of en Bile x) for C2 0 ta defined as 
Lin C log Cis 0, and multiplication ty C” removes 
ee in om wife x), thie function becomes contimuous 
positive values of x. 

We note also that a solution of emation (7%), 


must also satisfy equation (1) for C+ O. Hence if 


oh. 


n 
lin C B (Cx). Since 
e7o a 
all negative powers of 


for all (20 end for all 


for =x in teras of C J 


we establish ths 


existence of the desired root of equetion (3) which appronches a given s 


we shall have established the conclusion for equation 


(1) also. 


Let us call the left side of equation (3),/(¢,x). ‘Then we note 


that f (€.x) ie contimous for all C2 O and for all 
4 (8, = 0. 


geeltive x. Also, 


We now prove that of (08am) ves . Ye ahall calenlate this 


Oo 
derivative by finding 24 at (C, Snju)s whieh ts obtainable by straight- 
x 


forvard differentiation for C# 0, and then finding din 2 ee S&C oMnym)- 


Thie limit is teken as the value of the function 215%) as ie n,m? and 


this limit is =~ = (0,85 m). 86 shown by the quis Ales, 


Por Shs » then, 


n 
24. (e,x) es ¢€ IM(x) E aie = + J a'™) . ral 


le x) 


Cx) =n2- oiC®) §Cx) 


y 
x af), 


Sraminstion of the terme of this functions ie that ia function is continue 


ous at (50, x= 8, .. If we now consiter the Limit of each of these terms es 


C spproaches zero and remember that J y(n) =o, we 


find that *11 bet the 


term en S8(x) N, (Cx) are sere. The value of this term in view of the 


expression for E,(z) is (eo, ,) -(n- my 


"This fo! lows temediadely fon the relation, J} (x) « 
tocsether with the fact that the seres of J @) and Ja+3h 
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that T(x) cannot be © fer these values ef x far which d(x) 26, Hence, 


this term is mot sero and in view of the Lemma already referred to, 


eM 4+ 0. 

Sy the implicit function theorem we may assert the existence of 
a unique continuous function x(p ) such rar | xf Pd/= % x(0) = tain , 
and Mia x( p> = 8, ,° ‘ence, as remarked above, we have the existence of 
a root of (1) which, of course, varies with e and which a>croaches a roat 
of Jn(x) = 0. 

The case of equation (1) for n = 0 way be handled in exactly the 


seme manner except that equation (4) is replace by 


tae J a(x) Bol p x) <- Folp x) s,()| s 0. (4) 
By differentiating this expression with resgeet to x, taking the limit 
ae 0 tends to © and using the fects ‘that J,(0) = 1 end T3965 m) 4 0, 
we agsin obtain the hypotheses necessary to assert the existence of a solution, x(?) 
of equetion (4) assocteted with 9, —_ and epproaching ®o,m 58 Pepproaches 0. 
We may now consider the case of equation (2), First let us note 
the value of BX(z) for m= L,2,3,eceeeee 
on + m=) 


1 
BA(s) we ay ee (n+2m) (n-a-1 ) § ( z ) 
mac mt 2 


oe Nt+Pm=1 
a 2. ia) ae 2log $11 ohn d)~ Y(n-m-2) 
med mt (nim)! P ‘ 
pee 
We see that the case of Bi(z) is exactly shat of E,(a) except that the power 
of = which, together with log 2, causes a discontimaity as « = 0, is « “nek 
instead of «" . Hence, ve replace wag equation (3) by p .* and oreceed 


as before. In clace of s we use s! the seros of J'(x), Ye shall 
n,m My, n 
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need this time the fact that Jf (x) is not O for the non-zero vaines of x 
for which Spx) = 6* . 
The proof of the thoren for the case n =,0 in emmation (2) follows 


exactly the geme lines. We use, insted of equation (3) the equstion 


p T(x) Bgl p=) - apa e*) sg | = 0. (5) 

%e have thas shown that to each reot of J,(x) = 0, (or J8(x) > 0) 
there is for re a root of equation (1), )or (2), which varies cont innously 
with p » #né which ercronches the sesociated root of sn (or Shas e soDres ches 
wero. 

Ye nov prove that any function ate ) arising from seme coaxial 
mode 23 p approaches gero is associated with some root of J,(or J). As noted 
in article 4 such an x( p ) must vary continnously with Pand appronch a finite 


Ron-cero manber as ‘< 0,0££ me ) is a selution of eoustion (1) we may consider 


T,. Lace) { - er N Le @l Zo. 


*Shi¢g enn be shown ae followa: 


Since - (z) is s solution of the differential equation 
* 
Cig Ppa ees Aur n> ) = (0) 
Ae: ae 2 wis ae Cs ze — 3 
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rei 
If z, is « s6fo of both a and df, by the creceding relation, (( — eS (2,)= Oo 


we herve 


Then either J,(2,) is sero or 1 - n® = 0 and Zlecn, 
2 


Neither of these possibilities ean occur since J, and Jf esnnot vaniah 
for the same value, and since the smallest positive sero of J} is greatierr 
than n. A vroof of this last statement may be found in ¥Yatsen's Intro- 
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